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ABSTRACT: In this paper, we study the generalized quaternions, =~ “’ and their algebraic properties.
De Moivre's and Euler's formulas for these quaternions in different cases are investigated. The solutions

of equation 9" =1 is discussed mean while it has been shown that equation q"=lhas uncountably many
solutions for unit generalized quaternions. Finally, the relations between the powers of these quaternions
are given.

Keywords: De Moivre’s formula, Generalized Quaternion, Lie group.
INTRODUCTION

Mathematically, quaternions represent the natural extension of complex numbers, forming an associative
algebra under the addition and the multiplication. This algebra is an effective way for understanding many aspects
of physics and kinematics. Nowadays, quaternions are used especially in the area of computer vision, computer
graphics, animation, and to solve optimization problems involving the estimation of rigid body transformations as
well. Obtaining the roots of a quaternion was given by Niven, (1942) and Brand, (1942). Brand proved De Moivre’s
theorem and used it to find MNth roots of a quaternion. Using De Moivre’s formula to find roots of a quaternion is
more convenient. These formulas are also investigated in the cases of dual, split and complex quaternions
(Kabadayi and Yayli, 2011; Ozdemir, 2009; Jafari, 2013). Whittlesey and Whittlesey, (1990) by the help of Euler's
formula found the circles in the plane and the sphere in 3-space by means of the exponential expansions. In this
paper, we briefly recall some fundamental properties of the generalized quaternions, and show that the set of all
unit generalized quaternions with the group operation of quaternion multiplication is a Lie group of 3-dimension.
Moreover, we obtain De-Moivre's and Euler's formulas for these quaternions in different cases. We use it to find M-
th roots of a generalized quaternion. Finally, we give some example for the purpose of more clarification.

Preliminaries

The Irish mathematician Rowan Hamilton struggled in vain to extend complex numbers to three dimensions.
Eventually, he realized that it is necessary to go to four dimensions and he invented a new number system called
the quaternions. Although, Hamilton did not use the ordered pair construction for quaternions, but he was the
inventor of the pair construction for complex numbers.
A quaternion, is an ordered pair of complex numbers 4% i.e.
q=(z,z), z; and zell,
with addition and multiplication defined by

(2, 2,) +(W, W) = (7, +W, Z, + W),

(21’ Zz)(Wv Wz) = (Z1Wl - Zzw; W, + Zzwf)’
and

a(z,w) =(a,0)(z,w) =(az,aw), aell.

It turns out that multiplication is not commutative. That is, in general for quaternions 9" we have
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rg=gr.

This construction by pairs ties in nicely with the constructions of the rational, real, and complex numbers but is not
the traditional approach. If we single out three special pairs and attach Hamilton’s notation to them as

i =(0), =02, k=(0,2)

and identify

(a,0)«>a aell,

then we find
(a,+18,8,+13;)=a,+ai +a,] +a,k  a el

which is the form Hamilton used to express quaternions. This form makes it quite clear that quaternions are a four-
dimensional generalization of complex humbers.

The quaternions Ly satisfy the following relations:
P=72=k?>=Tjk=—1

In the language of abstract algebra, the quaternions form a noncommutative, normed division algebra over .
The eight-dimensional octonians O can be constructed from pairs of quaternions but there the chain ends. The
only normed division algebras over U are L H and O. (Heard, 2006).

Generalized Quaternion Algebra

This section summarizes the essentials of the algebra of generalized quaternions. A generalized quaternion g
is an expression of the form

q=a,+aj +a,] +ak

K are quaternionic units satisfying the equalities

where %, &, & and 8 are real numbers and

and
kizaj=-k, apITR
The set of all generalized quaternions is denoted by Hop (Jafari, 2012). We express the basic operations in the

bk form. The addition becomes as
(8, +ai +a,] +ak)+(b, +bi +b, ] +bk)
= (3 +by) + (8 +h) + (&, +b,) [+ (8 +by)k
and the multiplication as
(a, +a,j +a,] +ak)(b, +bi +b,] +bk)
= (agh, —aab, - fa,b, —apab,)
+(a,b, +ayb, — pash, + pab)i
+(a,b, +aab, +ah, —aah,)j
+(a,b, —a,b, +ab, +a,b,)k.
Given q:a0+a17+a217+a3|2, 3

S(q)=ay,

is called the scalar part of 9 denoted by
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and Al +3, ] +ak is called the vector part of 9 denoted by
V(q)=ai +a,] +a,k.

The conjugate of 9is

q=a _aliq_azi_aslz-

The norm of 9is

N, =0q =090 =a, +aa’ +fa; +afa;.

The inverse of q with N, 0, is
S 1
q N qg.

q
-1

~ . = — |
Clearly 94" =1+07 +0j+0K. Note also that P =P and (@P) =P "

De Moivre’s Formula for Generalized Quaternions
We investigate the properties of the generalized quaternions in two different cases.

Case 1. % Bare positive numbers.
3 2

Let S be the set of all unit dual generalized quaternions and S be the set of all unit generalized vectors, that is,
St ={qge H,: N, =L cH,,

S2={V(q)=ai +a,] +ak: Ny = qa’ + Ba’ +apal =1}.
Theorem 1. Under quaternionic multiplication, S
3

Proof: To show that S with the multiplication is a group, let
f(q) =& +aa’ + pa; +apal.
Se=1"® is a submanifold of Hap: since 1 is a regular value of function f. Also, the following maps

.3 3 3 . _
H:Se*Sg —Sg sending (@ p) to 9P and ¢S =Sy sending 94 1are both differentiable.
q=a,+ai +a,] +ak

is a Lie group of dimension 3.

FiH, >l be a differentiable function given as

Every nonzero generalized quaternion
q= /N, (cos@+Usin o)

can be written in the polar form

2 2 2 —
where cosH:% and sing= Jeal + 2 +apa;  The ynit generalized vector U is given by
’?N
q

q

- 1
u=(U1,U2,U3)= > > > (al’aZ’aS)l
&, + e + o
2 2 2
with @& +pa; +apa; #0.
— 2 _,2
For any u ESG’since U” =—1 e have a natural generalization of Euler's formula for generalized quaternions
2 3 4
e —14a0-0 —g¥ 0 _
2! 314
2 4 3 5
:1—9—+6——...+U(¢9—0—+9——...)
2! 41 3! b5l
=Cc0S@+Using,

for any real number 8. For detailed information about Euler's formula, see (Whittlesey, 1990).

- 2
Lemma 1. For any UeSe, we have
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(cos@, +Usind,)(cos b, +Usinb,)=cos(6,+6,)+Usin(6,+6,).

Theorem 2. (De Moivre's formula) Let 9= e =cos0+UsiNG e 5 ynit generalized quaternion. Then for any
integer "

q’ =e”“‘9 =cosn@+Gsinné.

Proof: The proof will be by induction on nonnegative integers N For N= 2 and on using the validity of theorem as
lemma 1, one can show

(cos@+tising)* =cos26+isin26

Suppose that  (cos@+usind)" =cosn@-+lsinng, we aim to show

(cos@+usin@)™* =cos(n-+1)E+usin(n-+1)6.

Thus
(cos@+Usind)

n+l

=(cos@+0sind)"(cosd+0sin )
= (cosn@ +Usinnd)(cosd + G sin B)
=cos(n@ + @) +sin(nd + 6)
=cos(n+1)@+usin(n+1)6.
The formula holds for all integers "
q ' =cos@—Using,
q™" = cos(—nd) + G sin(—no)

=cosnd—Usinné.

Special case: If a=p=] then Theorem 2 holds for real quaternions, see (Cho,1998).

q=—7+7(—,—,—)=cos —(=,—= )sm 2z i - i i
Example 1. Let 2 2 7 Jap 3 \ﬁ f f f be a unit gen- eralized quaternion. Every
power of this quaternion is found with the aid of theorem 3. For example, 9-th and 53-th powers are

q° —00592—”+i(i L1 )singz—ﬂ
3 BB s
=1
and
1 1 1 1 2z
5 _ 0053 4~ (——,—, sin53

Theorem 3. De Moivre’s formula implies that there are uncountably many unit generalized quaternions g satisfying
g"=1 for Nx3,

Proof: For every u ESG’the unit generalized quaternion
2r _ . 2«

g =CcoSs— +Uusin—
n n

=2

is of order N- For N=1or M=% the generalized quaternion 9 s independent of u

1 1,1 ) 11,1 1 1 o .
Example 2. U“Zﬁuﬁof) COS4+US"14 is of order 8 and qz=5+§(ﬁ,ﬁ,7ﬂ)zwsg+usmg is of order 6.

Theorem 4. Let Q=c0s@+USING be a unit generalized quaternion. The equation x"=q has N roots, and
they are
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O0+2kr, _ . O+2kr
X, =cos(T)+usm(

), k=0,12,..,n-1.

X=cosd+Using . . .
Proof: We assume that is a root of the equation  x"=q, since the vector parts of X and

q are the same. From Theorem 3, we have
X" =cosng+usinng,

thus, we find
cosng = cosé, sinng=sing,
6+ 2k _ . 0+2k
So,the N rootsof 4 are X =cos( ”)+usm( - ”), k=0,12,..,n-1.
The relation between the powers of generalized quaternion can be found in the following theorem.
Theorem 5. Let 4 be a unit generalized quaternion with the polar form  g=cos@+Usiné.  If m=%”e’*—{l},
then q"=q° ifandonlyif n=p(modm).
Proof: Let n=p(modm). Then we have N=am+p, where aell.

g" =cosn@d+0sinng
=cos(am+ p)@-+usin(am+ p)o

= cos(a%r+ p)0+ﬁsin(a2§+ p)o
=cos(pf+a2x)+usin(pld+a2r)
=Co0s pd+Usin pd
= qp_

Now suppose (" =cosn@d+Usinnd and  g° =cos po+usin po. If

n

—P
=9 thenweget cosngd=

cospd and sinnd=sinpd, which means n@=pd+27a, acll. Thus n=p+%”a or n=p(modm).

1.1

1 1
Example 3. Let ql=ﬁ+§ ﬁlo,ﬁ) be a unit generalized quaternion. From theorem 4, m= 2n

-— 58
so we have

q=9"=q"=..

qZ :q1o :q18 =

q3 — qll — q19 = ...

q4 =q12 =q20 ——

q8:q16:q24: :1

Case 2: Let & be a positive number and Bpe a negative number.
In this case, for a generalized quaternion =2 +al+a,]+ak, we can consider three different subcases.
Subcase (i): Let norm of generalized quaternion be positive and the norm of its vector part nega- tive, i.e.
N, =8 +od +pa; +opa; >0,  V,=cal+pa; +afa; <O0.

In this case, the polar form of Y is defined as

g=r(cosh 3+wsinh 9,

with

r=N, =\a5 +aal + fa; + apa;,
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2 2 2 —

coshd=-2_ .4 sinhg= e - fa; —apa; ~ The unit generalized vector W (axis of quarter- nion) is defined as

%Nq 7Nq

1

\-oal - pe; —apa;
Special case: If a=1 f=-1, N,=a;+a/-a;-a;>0 and V,=a’—a;—a;<0. Thenthe Y isa timelike
guaternion with spacelike vector part and its polar form is
g= qu (cosh @+ &£sinh ),

W= (W, W,, W,) =

(a,a,,8).

- 1
where 5:\/ﬁ(%%%) is a spacelike unit vectorin  E} and g=x£=1. (Ozdemir, 2006)

Theorem 6. (De Moivre’s formula) Let q=r(cosh $+Wwsinh.9) be a generalized quaternion with Ny >0,V <0.

Then for any integer " we have
q" =r"(coshng+wsinhn9).

n__.n =
Proof: We use induction on positive integers - Assume that q" =r"(coshnd+wsinhnd) holds. Then,

g™ =r"(coshng+wsinh ng) r (cosh 9+ Wsinh 9)
= r""(cosh ng+Wwsinh ng) (cosh ¢+ Wsinh J)
= r"[(cosh ngcosh 9+ sinh ngsinh &) + w(cosh ngsinh 9+ sinh ndcosh 9)
= r"*[cosh(n +1)3+Wsinh(n +1)].

Hence, the formula is ture.

Subcase (ii): Let the norm of generalized quaternion be positive and the norm of its vector part positive, i.e.
N, =a; +aa + pa +opa; >0,  V,=cd] +pa; +opas >0.

In the case, the polar form of 9is defined as

g=r(cos@+usind),

with

r:,/Nq :\/aé +adl + pa’ +apal,
and sing= a3 + 3] +apa; _ The unit generalized vector u (axis of quarter- nion) is defined as

cosf =2
N, WNo
- 1
u=(U,U,,Uy) = > > > (a,a,,8;).
\od; + pa; +apa;
Special case: If a=1 f=—1, N,=a;+a/-a;-ai>0 and V,=a’-a —a;>0. Thenthe! is atimelike

guaternion with timelike vector part and its polar form is

gq= ,/Nq (cos@+0siné),

— 3 . s
where U is a timelike unit vector in Et and U*0=-1. (Ozdemir, 2006)

Nq >0, Vq >0. Then

Theorem 7. (De Moivre’s formula) Let d=T(C0SE+USING) 1o 5 generalized quaternion with
g" =r"(cosn@-+usinnd),

for any integer n.

Proof: The proof of this theorem can be done using induction, similarly, to the proof of the Theorem 2.

Subcase (iii): The norm of generalized quaternion is negative, i.e.
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=al +aa’ + pa’+apa’ <0.

2 2 2 2 2 2 2
since 0 <@ <—a@ —f8, —affa; ., ad +fa, +offa; <0 4,0 case, the polar form of % is defined as
g=r(sinhg+Ucosh ),

with -

r= M N,| = \% 2

Sinh¢=i and coshe= @ & -f _aﬂas The unit generalized vector u (axis of quarternion) is defined as
= O

=) e ;ag —— )

SpeC|aI case: If =L A==1and norm is negative number, i.e. Ny =a; +a/ ~a; ~a; <0. Then

the 4 isa spacelike quaternion and its polar form is

g= ,/ (sinh @+ cosh ).

3
where U is a spacelike unit vector in Ey. The product of two spacelike quaternions is timelike. (Ozdemir, 2006)

Theorem 8. (De Moivre’s formula) Let q=r(sinhg+Ucoshg) be a generalized quaternion with Nq <0'Then for

any integer " we have
n:{r”(sinhn¢+ucoshngo), n is odd.

r"(coshng+usinhng), n is even.
Proof: The proof follows immediately from the induction.

CONCULSION

In this paper, we defined and gave some of algebraic properties of generalized quaternion and investigated the
Euler's and De Moivre’s formulas for these quaternions in several cases. The relation between the powers of

generalized quaternions is given in theorem 5. We also showed that the equation q"=1 has uncountably many
solutions for any general unit generalized quaternion (Theorem 4).
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